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1. INTRODUCTION 
A central equation in the study of auto-catalytic reactions is 
p = 0% + SF(e) (1) 
B(x, 0) = h(x); t9=0 on 80, (2) 
where F(B) = exp(afI/(a + f?)), and 8 is the temperature; x, t are, respectively, 
the spatial and time variables; 6 and a are positive parameters. Typically, the 
value of a is between 20 and 100. Equation (1) is considered in a bounded 
domain D with initial and boundary conditions given in (2). The derivation 
of Eq. (1) can be found in Frank-Kamenetskii [ 11, and discussion on the 
equation can be found in Gelfand [2], Parks [4], and Sattinger [5], among 
others. Recently, Tam [6] considered the case of V* = 3*/3x*, 0 < x < 1, and 
used a comparison theorem to obtain the following results. There are four 
values of 6, 6, < 6, < 6, < 6, given by 
K, = i [(a - 2) + (a(a - 4))“‘] 
6,=2n’C,exp(*); C, = a[(a - 2) + (a(a - 4))“‘] 
6,=8K,exp(-3); K, = f [(a - 2) - (a(a - 4))“‘] 
6,=2n’exp(-A); C, = a [ (a - 2) - (a(a - 4))“‘]. 
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Regardless of the initial temperature, 0(x, co) is O(l), i.e., sub-critical, if 
6 < 6,) and 0(x, co) is O(ea), i.e., super-critical, if 6 > 6,. When 6, < 6 < 6,) 
0(x, co) is sub-critical if 0(x, 0) < 4U,(6) x(1 -x), and supercritical if 
0(x, 0) > u,(6) sin* XX. The numbers U,(S) and ~~(8) are, respectively, the 
middle solutions of the equations 
8 
sK=exp 
2 
$-C=exp 
In this paper, we examine the nature of the steady state solution for arbitrary 
initial data. In particular, when 19(x, 0) is in the form of a pulse, we wish to 
know how large it must be for the solution to be super-critical. 
2. SOLVABILITY AND ITERATION 
Since 1 < F(0) < ea, and 0 < F’(B) < (4/a2)enP2, the global solvability of 
(1) and (2) is proved along standard lines. We will not consider the existence 
and uniqueness proof, but shall consider the iteration procedure from which 
the solution can be constructed, in principle. 
Let G(x, <, t) be the Green’s function for the linear boundary value 
problem obtained from (1) and (2) by omitting F(B). We have 
G(x, t, t) = 2 2 e-k2n2t sin knx sin kz<. 
k=l 
The solution of (1) and (2) can then be obtained from the integral equation 
e(X, t) = G(X, t, t> h(t) + 6 j’ G(X, t, t - S) F(e(& S)) dS, ’ 
0 
where G(x, t, t) $(r) = 1: G(x, r, t) o(l) d<. We define the iteration scheme 
en+ &G t> = G(-% t, t> h(c) + 6 1’ G(x, t, t - S) F(e,(& s)) ds, 
0 
with 
e,(r, 4 = 40 
Clearly, it is not expected that we would be able to carry out the iteration 
analytically. We observe, however, that to answer questions regarding the 
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steady state requires only a knowledge of the situation when t % 1. We are 
thus led to the following asymptotic considerations. 
Let T be sufficiently large so that for t - s 2 T, we have 
G(x, <, t - s) - 2e-“2”-“’ sin 7zx sin or<. 
Then for t > T, we have 
1 
1-T 
6 i7fl -6 2ep n2(r-s) sin rrx sin rcr F(B,(<, s)) ds 
0 
+6 t 1 G(x, t, t - s) F(e,(t, s)) ds t-T 
= (jj f 2e-“+“’ 
I sin rrx sin zr F(e,(C;, s)) ds 0 
[G(x, <, t - s) - 2e-“*“-“’ sin 7cx sin rrl] F(B,,(<, s)) ds 
= 6 1 2e-n*(t-s) . 
1 sm rrx sin n< F(e,,(<, s)) ds T 
+ 6 T 2e-“+“’ 
I sin zx sin rrc . F(8,(<, s)) ds 0 
+a f 
i 
[G(x, <, t - s) - 2e- nZ(t-s) sin nx sin z<] F(e,(c, s)) ds.(3) 
I&T 
For t 9 T, the second term on the right is O(ee”“‘- T)). The third term on the 
right is equal to 
(4) 
where t - T < b < t. To estimate the above, we observe that for t - T and n 
sufftciently large, and for t - T < s < t, 0,,(& s) will be close to the steady 
state, which is O(M sin zr), where M stands for the maximum value of 0,,. 
Thus we have 
)I 
= O[ 1 + eaM’(a+M) sin 7rx]. 
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Using this estimate, (4) becomes 
which is absolutely convergent, and bounded by 
Using the same estimate for F(B,(& s)) for T ( s ( t, we have 
I 
I 
0 
sin n@(tY,(<, s)) & = 5 + i eaMi(a+M). 
Therefore, in approximating 0, + r , we shall neglect the second and third 
integrals on the right of (3) and write 
1 
8 n + , - 26 sin nx 
J^ 
ePnZCf-‘) sin r F(O,(& s)) ds. 
T 
Now suppose for t > T, we have sin n< F(O,(& s)) > K, for some n where 
K,, is independent of s. Then there exists T,, > T, such that for t % T,, we 
have 
e > 26K, n+1 AT sin 71x. 7z 
Using the above representation for O,,, r, we can proceed to consider 
sin nc F(8, + ,(<, s)). With A, = 26K,/n*, we have 
H = sin 715 . F(8, + , (<, s)) 
> ij: exp (-$$-- Y(l -Y*)F”* dY. 
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Using item 3 on p. 323 of Gradshteyn and Ryzhik [3], we have 
and hence 
where both the Bessel function I, and the Struve function L, are tabulated. 
In terms of 6 and K,, we have 
2a8K, 
=K,+,. 
an2 + 26K, 
Clearly, by repeating the above, we can generate a sequence of members Ki, 
i = n, n + I,.... We now compare K, with K,,. , . If for a fixed 6, we have 
K n+, > K,, then the sequence {Kj} is monotone increasing. Since we know 
the solution 19 is bounded, {Ki} tends to a limit. If the limit K, = O(e”), then 
the solution of the initial value problem is super-critical. 
3. THE THRESHOLD CONDITIONS 
In Fig. 1, we have a plot of K,+,(2au/(an + 2~)) vs. u, where u = dK,, 
for a = 20. The curve K, + ,(2au/(an2 + 224)) is obtained by joining together 
the tabulated values of K,, 1 (2au/(an2 + 224)) for 0 < 2au/(an2 + 224) < 5 
with the asymptotic value of K, + 1 for 2au/(a? + 2~) > 5. 
From this figure, it is clear that the comparison of K, with K,+ 1 becomes 
a comparison of the straight line u/6 with K, + 1. 
When 6 is sufficiently small, the straight line intersects K,+l at one point, 
where K,, , is 0( 1). When 6 is increased beyond a certain value, say 6,) the 
straight line intersects K,, + , at three points. When 6 is further increased to be 
greater than a,, say, the number of intersections is reduced to one, where 
K n+, is O(P). This result is interpreted as follows. When the parameter 6 is 
greater than or equal to 6,) the steady-state solution of Eq. (1) and (2) is 
super-critical, regardless of the initial data. Thus, 6, is a critical or threshold 
value for the parameter. For 6 between 6, and 6,, let the coordinates of the 
middle intersection point of u/6 and K,, , be denoted by (u*, K*). If for a 
given 6, there is a K, such that 6K, > u *, then the steady state solution of 
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1 2 3 4 5 
FIG. 1. Comparison of K, with K,, I for a = 20. 
Eqs. (1) and (2) is super-critical. As an illustration, we have obtained a few 
numbers graphically for a = 20: 
6 u*(s) 
213 33 
1 28 
2 18.5 
6, = 5.8 x lo-’ 
6, = 6,, = 3.12 
409/77!2-20 
K. K. TAM 
FIG. 1 .-Continued 
We note that the critical value 6,, obtained by Parks [4] (see also Tam [6]) 
is 3.708. Clearly, similar results can be obtained for other values of 6, and 
also for different values of a. 
With the information obtained in the above, we are in a position to answer 
the questions set out in the Introduction. For fixed a and 6 > 6,(a), to see 
whether a given initial 0(x, 0) must necessarily lead to a super-critical steady 
state solution, we calculate the inner product sin rrr . I;(&(c)). If the number 
so obtained is not less than u*/6, the super-critical steady state will result. 
The inner product is readily calculated if 8, is given as a pulse, which we 
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shall approximate by a discontinuous step function. To illustrate, let 6 = 1, 
a = 20, E = eCa, and 
0(x, 0) = h(x) = 0, if lx--:1 >/Is, 
=B, if Ix--+[</~E, 
where j3, B are constants. Then we have 
sin XX dx = a { 1 + (en6’(a+B) - 1) sin&} = u,. 
Now, for the given values of a and 6, we have determined u* = 28. Thus, if p 
and B are such that u. is not less than 28, the steady state will be super- 
critical. An interesting, though not surprising, feature of the above result is 
that if p is 
state is not 
kept sufficiently small, then the occurrence of the super-critical 
implied, no mater how large B is. Indeed, when B % a, we have 
Then in the limit of E -+ 0, we have 
UO -i(l+P). 
For u. > 28, we need /I > 43. Of course, with /3 = 43, the half-width of the 
pulse is still quite small: /?E = 8.86 X lo-‘. 
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